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Abstract. Recently, the GWU lattice group has evaluated high-precision phase-shift data
for pipi scattering in the I = 1, J = 1 channel. Unitary Chiral Perturbation Theory describes
these data well around the resonance region and for different pion masses. Moreover,
it allows to extrapolate to the physical point and estimate the effect of the missing KK¯
channel in the two-flavor lattice calculation. The absence of the strange quark in the lattice
data leads to a lower ρ mass, and the analysis with UχPT shows that the KK¯ channel
indeed pushes the pipi-scattering phase shift upward, having a surprisingly large effect on
the ρ-mass. The inelasticity is shown to be compatible with the experimental data. The
analysis is then extended to all available two-flavor lattice simulations and similar mass
shifts are observed. Chiral extrapolations of N f = 2 + 1 lattice simulations for the ρ(770)
are also reported.
1 Introduction
Recently, extraordinary progress has been achieved in lattice-QCD simulations. Concerning the ρ
resonance, Bali et al. [1] extracted the ρ-resonance parameters from a lattice-QCD simulation for a
pion mass very close to the physical one, mpi = 149.5 MeV. Unexpectedly, the ρ-mass extracted in the
N f = 2 simulation falls below the experimental ρ-mass by around 50 MeV. High-precision simulations
from the GWU [2] and JLab [3, 4] groups for a pion mass∼ 230 MeV, in N f = 2 and N f = 2 + 1,
respectively, report values of the ρ-mass which are in disagreement between each other. Generally
speaking, N f = 2 simulations understimate the extracted values of ρ-mass in N f = 2 + 1 simulations,
taking into consideration error bars, as it is shown in Fig. 1. In this talk, we analyze the source of
differences between several lattice-QCD simulations for the pipi scattering in the I = 1, J = 1 channel
in the elastic region. The model used to analyze the lattice-QCD data is Unitary Chiral Perturbation
Theory adapted to the conditions of the finite volume.
In particular, we estimate the effect of the coupling of the ρ resonance to the KK¯ channel. Because
of the small observed inelasticity in the ρ channel [5] and the small KK¯ phase shifts obtained in
analyses [4, 6, 7], it has been assumed that the ρ meson effectively decouples from the KK¯ channel.
Nevertheless, consider an intermediate KK¯ loop in the transition pipi→ pipi, as depicted in Fig. 1 (right).
Since we are dealing with p-waves, the behaviour close to the thresolds is |pcm(pipi)pcm(KK¯)|2|GKK¯ |,
being pcm the momenta in the center of mass. This function is zero in the pipi and KK¯ threshols and
shows a maximum around the ρ mass. The above expression has to be multiplied by an unknown
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Figure 1: Left: Mass of the ρ-resonance extracted from different simulations, in N f = 2 simulations,
from Refs. [1, 2, 8, 9] and, for N f = 2 + 1, see Refs. [3, 4, 10, 11]. Right: Insertion of a KK¯
intermediate state in pipi scattering.
function whose form will depend on the pipi→ KK¯ transition but that essentially varies smoothly with
energy. Moreover, the ratio of the couplings of the ρ meson to KK¯ and pipi has been calculated in NLO
and one-loop NLO UχPT in Refs. [6, 12]. Both calculations give a value gKK¯/gpipi ' 0.5 − 0.6, which
is not negligible.
In the present talk, first, the GWU N f = 2 lattice eigenvalues are fitted to the UχPT model. Then,
we show the extrapolation to the physical point and an estimation of the 2 → 3 flavor extrapolation
including the KK¯ channel. The result is compared with other available N f = 2 and N f = 2 + 1 lattice
data. Finally, other N f = 2 lattice data are fitted using the UχPT model, and the results for ρ mass and
width obtained are compared between the different lattice groups.
2 Unitarized chiral perturbation theory model
Chiral Perturbation Theory (χPT) is an effective field theory of QCD which describes successfully
the meson-meson interaction at low energies [13, 14]. However, the perturbative expansion is only
valid below the energy region where resonances, as the σ and ρ meson, show up. Unitarity in coupled-
channels allows to extend the theory to higher energies, and can constraint the pole positions of these
resonances and the low-energy pipi scattering amplitude [6, 15, 16]. Unitarized Chiral Perturbation
Theory is thus a nonperturbative method which combines constraints from chiral symmetry and its
breaking and (coupled-channel) unitarity. The method of Ref. [6] is able to describe the meson-meson
interaction up to about 1.2 GeV. The scattering amplitudes develop poles in the complex plane which
can be associated with the known scalar and vector resonances. The Inverse Amplitude method
relies upon an expansion of the inverse of the T -matrix in powers of the momenta, which has better
convergence around the resonances [17]. The T -matrix can be written as [6]
T = [I − VG]−1V (1)
where
V = V2[V2 − V4]−1V2 . (2)
In the above equation, V2 and V4 are the respective potentials evaluated from the O(p2) and O(p4)
chiral Lagrangians [13, 14]. In Eq. (1), G is a diagonal matrix whose elements are the two-meson loop
functions, evaluated in our case in dimensional regularization in contrast to the cutoff-scheme used in
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the original model of Ref. [6]:
GDRii (E) = i
∫
d4q
(2pi)4
1
q2 − m21 + i
1
(P − q)2 − m22 + i
(3)
=
1
16pi2
a(µ) + ln m21µ2 +m22 − m21 + E22E2 ln m22m21 + piE
[
ln( E2 − (m21 − m22) + 2piE)
+ ln( E2 + (m21 − m22) + 2piE) − ln(−E2 + (m21 − m22) + 2piE)
− ln(−E2 − (m21 − m22) + 2piE)
]}
, (4)
where pi =
√
(E2−(m1+m2)2)(E2−(m1−m2)2)
2E for the channel i, E is the center-of-mass energy, and m1,2 refers
to the masses of the mesons 1, 2 in the i channel. Throughout this study we use µ = 1 GeV and a
natural value of the subtraction constant α(µ) = −1.28.
The potential of Eq. (2), after projecting in I = 1, L = 1, only depends on two parameters [6], and
reads
V(pipi) =
−2 p2
3( f 2pi − 8 lˆ1m2pi + 4 lˆ2E2)
. (5)
In the above equation, specific combinations of the LECs in Ref. [6] have been introduced, lˆ1 ≡
2 L4 + L5 and lˆ2 ≡ 2 L1 − L2 + L3, which are not identical to the SU(2) CHPT low-energy constants.
In the present study, we use the one-channel pipi potential of Eq. (5), which contains the lowest- and
next-to-leading-order contact-term contributions, to fit the N f = 2 lattice data.
2.1 Coupled channel case (pipi − KK¯)
In this section we address the two-coupled-channel case. The interaction in the (pipi,KK¯) system, is
evaluated from the O(p2) and O(p4) Lagrangians of the χPT expansion [13, 14]. The potentials, V2
and V4, projected in I = 1 and L = 1 are [6]
V2(E) = −

2p2pi
3 f 2pi
√
2pK ppi
3 fK fpi√
2pK ppi
3 fK fpi
p2K
3 f 2K
 (6)
and
V4(E) = −

8p2pi(2lˆ1m
2
pi−lˆ2E2)
3 f 4pi
8ppipK (L5(m2K+m
2
pi)−L3E2)
3
√
2 f 2pi f 2K
8ppipK (L5(m2K+m
2
pi)−L3E2)
3
√
2 f 2pi f 2K
4p2K (10lˆ1m
2
K+3(L3−2lˆ2)E2)
9 f 4K
 . (7)
Note that the potentials in Eqs. (6) and (7) depend on four low energy constants, lˆ1, lˆ2, L3 and L5.
Specifically, the lˆ1 and lˆ2 parameters control the diagonal transitions, pipi→ pipi and KK¯ → KK¯, while
the off-diagonal elements pipi → KK¯ are restricted by L3 and L5. When the N f = 2 lattice data are
fitted, Eq. (5) is used. The values of lˆ1 and lˆ2 obtained there are used in Eqs. (6) and (7) to extrapolate
from the N f = 2 to the N f = 2 + 1 case. The other two LECs, L3 and L5, are taken from a global fit to
experimental pipi and piK phase shifts similarly as in Ref. [7].
In general, the partial wave decomposition of the scattering amplitude of two spinless mesons with
definite isospin I can be written as
TI =
∑
J
(2J + 1)TIJPJ(cos θ) . (8)
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where
TIJ =
1
2
∫ 1
−1
PJ(cos θ)TI(θ) d cos θ . (9)
Omitting the I, J labels from here on, the two-channel T -matrix is evaluated as [6],
T = V2[V2 − V4 − V2GV2]−1V2 (10)
In the case of two coupled channels, T (≡ TIJ) is a 2 × 2 matrix whose elements (T )i j are related to S
matrix elements through the equations
(T )11 = −8piE2ip1 [(S )11 − 1] , (T )22 = −
8piE
2ip2
[(S )22 − 1] ,
(T )12 = (T )21 = − 8piE2i√p1p2 (S )12 , (11)
with p1, p2 the center-of-mas momenta of the mesons in channel 1 (pipi) or 2 (KK¯) respectively, that is
pi =
√
(E/2)2 − m2i . Finally, the S -matrix can be parametrized as
S =
(
ηe2iδ1 i(1 − η2)1/2ei(δ1+δ2)
i(1 − η2)1/2ei(δ1+δ2) ηe2iδ2
)
. (12)
2.2 Meson-meson scattering in the finite volume and UχPT model
For the two-pion system in a finite box, only discrete momenta are allowed, such that, for an asymmetric
box with elongation η in the z direction , we have
q =
2pi
L
(nx, ny, nz/η) , (13)
and the two-meson function loop can be evaluated replacing the integral in Eq. (3) by a sum over the
momenta, G˜,
G˜(E) =
1
ηL3
∑
q
I(E, q) , (14)
where the channel index has been omitted. The sum over the momenta is cut off at qmax. Here,
I(E,q) =
ω1(q) + ω2(q)
2ω1(q)ω2(q)
1
E2 − (ω1(q)2 + ω2(q)2) , (15)
The formalism can also be made independent of qmax and related to the subtraction constant in the
dimensional-regularization method, α (as in the continuum limit), see Ref [18],
G˜ = GDR + lim
qmax→∞
 1ηL3 ∑q<qmax I(E, q) −
∫
q<qmax
d3q
(2pi)3
I(E, q)
 ≡ GDR + limqmax→∞ δG , (16)
where GDR stands for the two-meson loop function given in Eq. (4). The scattering amplitude in the
finite volume is evaluated similarly as in Eq. (1),
T˜ = [I − VG˜]−1V , (17)
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or T˜ = [V−1 − G˜]−1. Therefore, the energy spectrum in the finite volume can be identified with the
poles of the T˜ scattering amplitude, which satisfy the condition,
Det[V−1(E) − G˜(E)] = 0 . (18)
In the one channel case, this corresponds to the energies given by G˜(E) = V−1. Hence, the amplitude
in the infinite volume can be evaluated for these energies,
T = [G˜(E) −G(E)]−1 , (19)
which is independent of the renormalization of the individually divergent expressions. In the case of
the two-pion system interacting in p-wave, and moving with P = 2pi
ηL (0, 0, 1) in the direction of the
elongation of the box, the following relations are found,
A−2 : −1 + V(pipi)G˜10,10 = 0 (20)
E− : −1 + V(pipi)G˜11,11 = 0 , (21)
with G˜lm,l′m′ given in Ref. [19] but modified as in Eqs. (14) and (16) by the elongation factor η. V(pipi)
is given by Eq. (5). The above relations are used to fit the energy levels extracted from the lattice.
In Refs. [20–22], a more detailed presentation of the formalism is presented. In particular, in Ref.
[20], it is shown that this formalism is equivalent to the Lüscher approach up to contributions that
are exponentially suppressed with the volume. See also Ref. [19] for the generalization to the cases
of moving frame and partial-wave-mixing in coupled channels. In the present study, F-waves were
neglected.
3 Results
The energy levels extracted from the GWU lattice simulation in Ref. [2] are fitted to the UχPT model in
the finite volume using Eqs. (5) and (20). The energy spectrum obtained for a boost P = (0, 0, 1)2pi/ηL,
and in the rest frame, P = (0, 0, 0), together with the lattice data for mpi = 315 MeV, are shown in Fig.
2, left and right, respectively. As can be seen in this figure, the UχPT model describes quite well the
lattice data. The input required by the model is the pion mass, the pion decay constant, the energy
levels and covariance matrices, which are given in Ref. [2].
Generally speaking, the UχPT is able to capture the broad features of the phase shift in the elastic
region, however, the very precise determination of the energy levels evaluated by the GWU constraints
sufficiently the phase shift so that the quality of the fit is not good when trying to fit in the entire energy
range. Since we are interested in the mass and width of the ρ resonance, which are well determined by
the data in the central energy region, we restrict the fit to the range mρ ± 2Γρ.
The lˆ1 and lˆ2 obtained in separate fits for the light and heavy masses are given in Table 1. The
resonance mass is determined from the center-of-mass energy that corresponds to a 90◦ phase-shift.
The width is given by twice the imaginary part of the resonance pole position in the complex plane.
The mass and width obtained are consistent with the ones determined from a Breit-Wigner fit [2].
From Table 1, we see that the values of lˆ1 and lˆ2 for the fits to the different pion masses are consistent
with each other, what means that the quark mass dependence in the phase shift is well captured. This
allows us to combine both results by performing a global fit of both lattice data for light and heavy
pion masses. In this case, the quality of the fit is similar to the individual ones, as shown in Table 1, but
the lˆ1 and lˆ2 are determined with better precision.
Moreover, since the lattice data do not contain the strange quark, we can estimate the effect of
allowing the pipi channel couple to KK¯, as described in Section 2.1. The estimates for the ρ mass
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Table 1: UχPT fits in the mρ ± 2Γρ region and extrapolations to the physical point. The errors quoted
are statistical. The upper two entries show the cases of heavy and light pion mass, both individually
extrapolated to the physical point. The third entry shows the combined fit of both masses and its
extrapolation.
mpi [MeV] lˆ1 × 103 lˆ2 × 103 mρ[MeV] Γρ[MeV] χ2/dof
315 1.5(5) -3.7(2) 796(1) 35(1) 1
138 704(5) 110(3)
226 2(1) -3.5(2) 748(1) 77(1) 1.53
138 719(4) 120(3)
combined 2.26(14) -3.44(3) 1.26
138 720(1) 120.8(8)
and width, mˆρ and Γˆρ, are given in Table 2 in comparison to the results from the combined fit in the
one-channel case.
The mass of the resonance as a function of the pion mass obtained from the fit to GWU lattice is
shown in Fig. 3 in comparison with other lattice simulations in N f = 2 and N f = 2 + 1. Clearly, the
extrapolation to the physical point in SU(2) is significantly lower, around 50 MeV below the physical
mass. The shift cannot be accommodated by the errors in the lattice simulation, even if the systematic
errors due to the lattice spacing determination are considered. Furthermore, the results from the GWU
group are in line with those obtained by Lang et al. [8] and Bali et al. [1]. The curve obtained by
fitting the GWU’s lattice data to the UχPT model describes quite well the tendency of the N f = 2
lattice data.
When estimating the mass of the ρ resonance including the effect of the KK¯ channel, the ρ mass is
shifted appreciably, and the estimated curve mρ(m2pi) with error band is plotted in blue color in Fig. 3.
The mass of the resonance agrees quite well with the N f = 2 + 1 lattice calculations by the JLab group
in Refs. [3, 4], and with the physical mass. Therefore, we conclude that the discrepancies between
Figure 2: Energy spectrum as a function of the elongation factor from unitary chiral perturbation theory
for a boost P = (0, 0, 1)2pi/ηL (left), and in the rest frame P = (0, 0, 0) (right). Dots in blue color fall in
the energy region mρ ± 2Γρ.
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Figure 3: Resonance mass extrapolation to the physical point. The red curve corresponds to an
extrapolation based on the UχPT model. The light-red curve corresponds to a simple mρ = (mρ)0 +
const × m2pi fit [23]. The blue band corresponds to an N f = 2 + 1 estimate based on the UχPT model
(see text). The other lattice data-points are taken from Lang et al [8], JLab group studies [3, 4], and
Bali et al [1]. The star corresponds to the physical result. The error-bars shown with solid lines are
stochastic. For the extrapolation the gray, thick error-bar indicates the systematic error associated with
the lattice spacing determination.
the N f = 2 and N f = 2 + 1 lattice data are mostly due to the absence of the strange quark in N f = 2
simulations.
The phase shift obtained in the 2 → 3 flavor extrapolation is shown in Fig. 4. The error band
calculated in Fig. 3(4), blue band, is evaluated by simply letting the lˆ1 and lˆ2 in the KK¯ → KK¯ channel
being the ones obtained in a fit to experimental data, upper(right) curve, or fixed by the lattice data,
bottom(left) curve. The difference between both curves is 20 MeV. If taking the central value, this
corresponds to a systematic error of 10 MeV in the flavor extrapolation.
The elasticity is shown in Fig. 5 (left). It is close to the unity when the KK¯ channel is open, and is
also consistent with the experimental data and Roy-Steiner equations. The KK¯-phase shift is small and
negative, as shown in Fig. 5 (right). It has the same sign as determined in Ref. [4] at an unphysical
pion mass.
Table 2: UχPT results for N f = 2, mρ and Γρ, and N f = 2 + 1 estimates, mˆρ and Γˆρ. The parameters lˆ1,2
are taken from the combined fit and the KK channel parameters are taken from fits to experimental
data. The first set of errors quoted are statistical; for mˆρ and Γˆρ we also quote a set of systematic errors
associated with model dependence.
mpi [MeV] mρ[MeV] Γρ[MeV] mˆρ[MeV] Γˆρ[MeV]
315 795.2(7) 36.5(2) 846(0.3)(10) 54(0.1)(3)
226 747.6(6) 77.5(5) 793(0.4)(10) 99(0.3)(3)
138 720(1) 120.8(8) 766(0.7)(11) 150(0.4)(5)
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In Fig. 6 we show the results from fitting the N f = 2 lattice data from simulations of the RQCD,
GWU (mpi = 227 MeV), QCDSF, Lang et al., GWU (mpi = 315 MeV), ETMC and CP-PACS
Collaborations, see Refs. [1, 2, 8, 9, 11, 24], respectively. The 68 % confidence ellipses in lˆ1 and lˆ2 all
have a common overlap, as shown in the supplemental material of Ref. [25]. The ellipse from QCDSF
Collaboration is very slightly off, while the one from ETMC Collaboration is clearly incompatible.
Since the uncertainties in the PACS-CS and ETMC analysis are very large we will exclude them in the
following discussion.
The extrapolated results for the phase shifts to the physical mass and the estimated curves when
including the KK¯ channel are depicted in the right panel of Fig. 6. In all the cases (except for the
ETMC data) the extrapolation to the physical pion mass is below the experimental data. Switching on
the KK¯ channel shows significant effects, increasing the ρ-mass and leading to a much better prediction.
To translate the results to the commonly used notation, all phase shifts obtained with the UχPT model
are fitted subsequently with the usual Breit-Wigner (BW) parameterization in terms of g and mρ (see,
e.g., Ref. [2]).
In Fig. 7 we show the effect of the KK¯ channel in the (mρ, g) plane. Since (mρ, g) emerge from
Breit-Wigner fits to the UCHPT solutions, the comparability with other values in the literature is
limited. The experimental point is indicated as “phys”. In this figure, “star” stands for a global fit to
the experimental pipi and piK phase shift in different isospin and angular momentum as in Ref. [7]. It is
instructive to remove here the KK¯ channel. As Fig. 7 shows (star at mρ ≈ 710 MeV), the result exhibits
the same trend as the N f = 2 lattice data, i.e., a lighter and narrower ρ.
The uncertainties in (mρ, g) (shown as the error bars in Fig. 7) are evaluated as the blue bands in
Figs. 3 and 4 and explained around these figures. Once the KK¯ channel is switched on, Fig. 7 shows
that g and mρ are slightly over-extrapolated. This could be related to model deficiences. On one side,
NLO contact terms are considered [6], but not the one-loop contributions at NLO as in Ref. [26]. On
the other side, the LECs entering the pipi → KK¯ and KK¯ → KK¯ transitions are not fully determined
from the fit of lattice data, but from a global fit to pipi and piK phase shifts that compromises between
Nf=2 extrapolation
Nf=2+1 estimate
400 600 800 1000 1200
0
50
100
150
Ecm@MeVD
∆
1
@°D
Figure 4: Chiral extrapolation of the phase shift to the physical mass (red band), obtained from the
simultaneous fit to lattice eigenvalues at both considered pion masses. Only statistical uncertainties are
indicated. The blue band shows the estimated phase shift when including also the KK¯ channel in the
two variants mentioned in the text (estimate of systematic uncertainties). To keep the figure simple,
statistical uncertainties are not indicated for these cases. They are of the same size as the red band.
Open circles indicate phase shifts extracted from experiment [5].
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Figure 5: Left: Elasticity of pipi → pipi at physical pion masses compared with experimental deter-
minations [5]. The dashed line shows the inelasticity due to the KK¯ channel alone as derived in
reference [28] from the Roy-Steiner solution in reference [29]. Right: Phase shift δ2(KK¯ → KK¯). In
this figure we only show the result of variant 2 discussed in the text (results for variant 1 are very
similar).
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Figure 6: Results for the N f = 2 lattice simulations (ordered by pion mass) of Bali et al./RQCD [1],
Guo et al./GWU [2], Göckeler et al./QCDSF [24], Lang et al. [8], Feng et al./ETMC [11], Aoki et
al./CP-PACS [9]. For each result, the left picture shows the lattice data and fit, the right figure shows
the N f = 2 chiral extrapolation (blue dashed line/light blue area). Without changing this result, the KK¯
channel is then included to predict the effect from the missing strange quark (red solid line/light read
area). Experimental data (blue circles from [27], squares from [5]) are then post-dicted. For inherent
model uncertainties, see text.
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the different data sets, leading to a slightly wider ρ resonance. In any case, the estimated values for the
ρ mass are much closer to its physical value after the strange quark is included in all cases except for
the CP-PACS and ETMC data analyses, which present larger uncertainties.
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Figure 7: Effect of the KK¯ channel in the (mρ, g) plane indicated with arrows, after chiral extrapolation
to the physical pion mass. See Fig. 6 for the labeling of the extrapolations. Only statistical uncertainties
are shown, and only for the case after including KK¯. See text for further explanations.
4 Conclusions
We have performed an analysis of all the available N f = 2 lattice data using a UχPT model. The UχPT
model is able to describe well most of the data sets, with a common overlap of the error ellipses. The
extrapolations to the physical pion mass differ significantly from the physical ρ mass. In this talk
we have shown that indeed the coupling of the ρ resonance to KK¯ can accommodate the observed
discrepancies between the N f = 2 and N f = 2 + 1 lattice data, leading to an appreciable shift in the
ρ-mass due to the presence of the strange quark.
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